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Abstract 

In the previous paper Q], we have shown the Cartier duality of certain Frobe- 
nius type subgroup schemes of order p n between Witt vectors of length n and the 
form of G m in positive characteristic p. In this paper, we generalize this result 
to the base ring having a prime number p which is a nilpotent. (However a little 
assumption is added.) Especially, in the proof, we give a certain endomorphism of 
Witt vectors which commute to Frobenius type endomorphism without assumption 
of characteristic p. 
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1 Introduction 

Throughout this paper, we denote by p a prime number. Let A be a commutative ring 
with unit and let A be an arbitrary suitable element of A. We consider the deformation 
group scheme of the additive group scheme G a to the multiplicative group scheme 
G m determined by A (we recall the group structure of in Section 3 below). The group 
scheme Q^ x > has been independently discovered by T. Sekiguchi, F. Oort and N. Suwa [7j 
and W. Waterhouse and B. Weisfeiler [11] . The following surjective homomorphism 

$ : gW g^ p ). x ^ x~ p {{1 + \x) p - 1} 

is useful in the unified Kummer-Artin-Schreier theory. Remark that ip is nothing but 
Frobenius homomorphism over the base ring of characteristic p. 
Y. Tsuno [10J have shown the following: 
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Theorem 1 ( |10j ) Assume that A is an ¥ p -algebra. Then the Cartier dual of Ker(ip) is 
canonically isomorphism to Ker[F — A p_1 : G a ,A &a,A]> where F is Frobenius endomor- 
phism. 

Tsuno's result is a special case of the result obtained by F. Oort and J. Tate [6]. But 
an important viewpoint is what embedding the certain classified finite group schemes of 
order p into over A[ p ~\/b], as A = p ~\/b for an element b in A. 

The author have generalized Tsuno's theorem as follows. Let I be a positive integer. 
The following surjective homomorphism 

^,(0 . gW gW l ). x ^ A - P '| (1 + Xx y l _ 1}) 

implies ip®(x) = x p ' since A is an F p -algebra. Put N[ := Ker(?/A^). Suppose W A is the 
Witt ring scheme over A. Let F : Wa — > Wa be the Frobenius endomorphism and let 
[A] : W A ->• W A be the Teichmuller lifting of A G A. Put :— F — [A* -1 ]. Restrict 
to the Witt ring scheme W^a of length I. The result of previous paper [1] is the following: 

Theorem 2 ([TJ) Assume that A is an ¥ p -algebra. Then the Cartier dual of Ni is canon- 
ically isomorphic to Kei[F^ : W^a Wi,a\- 

T. Sekiguchi and N. Suwa jH] have introduced the deformed Artin-Hasse exponential series. 
Theorem 2 have been proved by using these formal power series. 

This paper generalize Theorem 2, i.e., no assumption of characteristic p. Our argu- 
ments are as follows. Let Z( p ) be a localization of rational integers Z at p. We suppose 
that A is a Z( p )/(j/)- algebra of locally noetherian of dimension at most 1 for the repre- 
sentability. Then A is Z( p )-algebra and p l = in A. Let A be an element of A. Assume 
that X p ' divide p l ~ k X pk for any integer < k(< I). Then the homomorphism ip® becomes 
well-defined under this assumption and Ni = Ker(ijj^) is the finite group scheme of or- 
der p l since the degree of monic polynomial ift( l '(X) is p l . For each vector a in W(A), 
T. Sekiguchi and N. Suwa [S] have introduced endomorphism T a on (we recall 

the definition of T a in Section 2 below). Take a vector a := X~ pl p l [X] in W(A). Put 
W(A)/T a := Coker[T a : W(A) -> W{A)) and T' a := F (x *> o T a . We consider the following 
diagram: 

W(A) >■ W(A)/T a 

W(A) ► W(A)/T' a . 

Here the homomorphism F^ is defined by F^(x) := F( x \x). It is checked immediately 
that F( A ) is the well-defined homomorphism. Then the result of this paper is obtained as 
follows: 

Theorem 3 With the above notations, the Cartier dual of Ni is canonically isomorphic 
to Ker\FW:W A /T a ^W A /r a ]. 
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In the end of Section 4 we treat on the representability of the quotient functor W^/Ta. 
The framework of the proof is similar to the previous paper |T] . But we do not assume 
characteristic p. Therefore, Frobenius endomorphism F and Verschiebung endomorphism 
V are not commutative. In our arguments, it is important to give the endomorphism T' a 
satisfying the condition F^ o T a = T' a o F^ \ 
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Notation 

additive group scheme over A 
multiplicative group scheme over A 
multiplicative formal group scheme over A 
group scheme of Witt vectors of length n over A 
group scheme of Witt vectors over A 
Frobenius endomorphism of Wa 
Teichmiiller lifting (A, 0, 0, . . .) e W(A) of A e A 
= F — [A p ~ x ] 

homomorphism decided by a e W(A) (recalled in Section 2) 
= (£/£, Uf, . . .) for a vector U = (U , U 1} . . .) 

= ~j~7 ■ ■ ■) f° r a vector U = (U , Ui, . . .) 

= Ker[F (A) : W(A) ->■ W(A)\ 
= Coker[F (A) : W{A) -)• W{A)\ 
= Coker[T a : W{A) -> W(A)} 

2 Witt vectors 

In this Section we recall necessary facts on Witt vectors and their homomorphisms for 
this paper. For details, see (3j Chap. V] or [5j Chap. III]. 



^m,A '■ 

W nA : 

W A : 
F : 

[A]: 
F W . 

T ■ 

± a ■ 

U (p) : 

W{A) FW : 
W(A)/F W : 
W(A)/T a : 
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2.1 



Let X = (X , Xi, . . .) be a sequence of variables. For each n > 0, we denote by $ n (X) = 
$ n (X , Xi,..., X n ) the Witt polynomial 

f n (x)=<'+ P ir 1 +--+p% 

in Z[X] = Z[X ,Xi, . . .]. Let W n> z = Spec(Z[X , Xi, . . . , X n _i\) be an n-dimensional 
affine space. The phantom map is defined by 

$ (n) : W n>z -> A£; z ^ ($ ( x ), $i(x), . . . , ^(s)), 

where Ag is the usual n-dimensional affine space over Z. The scheme AJ has a natural 
ring scheme structure. It is known that W n ^ has a unique commutative ring scheme 
structure over Z such that the phantom map is a homomorphism over Z. Then the 
point of W n ,z is called Witt vector of length n over Z. 

2.2 

The endomorphism F : W(A) — )■ is defined by 

for a; G W(A). If A is an F p -algebra, F is nothing but the usual Frobenius endomorphism. 
For A G A, we denote by [A] the Teichmuller lifting [A] = (A, 0,0, . . .) G W(A). We put 
the endomorphism := F — [A p_1 ] on W(-A). 

For each a — (ao, ai, . . .) G VK(A), the additive endomorphism T a : — > W(A) is 
defined by 

$ n (T a (x)) = a Q pn <5> n (x) +pa 1 pn ~ 1 $ n - 1 (x) + ■ ■ ■ + p n a n <S> (x) 
for x G W(A) ([8, Chap.4, p.20]). 

3 Deformed Artin-Hasse exponential series 

In this Section we recall necessary facts on the deformed Artin-Hasse exponential series 
for this paper. For details, see [9] and [8]. 

3.1 

Let A be a ring and let A be an element of A. Put gW := Spec(A[X, 1/(1 + AX)]). We 
define a morphism by 

It is known that C/M has a unique group scheme structure over A such that the morphism 
a^' is a homomorphism over A. Then the group scheme structure of is given by 
x ■ y = x + y + \xy. If A is invertible in A, is an A-isomorphism. On the other hand, 
if A = 0, is nothing but the additive group scheme G a< A- 
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3.2 

The Artin-Hasse exponential series E p (X) is given by 

E P (X) = exp (E^H eZ (p)M" 

\r>0 ^ / 

The formal power series E P (U, A; X) G Q[£7, A][[X]] is defined by 

oo 

E P (17, A; X) = (1 + AX)^ + A^X^)^"^^ ! T 



fe=i 



As in [9, Corollary 2.5.] or [SJ Lemma 4.8.], it has shown that this formal power series 
E p (U,A;X) is in Z {p) [U][[X]]. Note that E p (l,0;X) = E p (X). 

Suppose A be a Z(p)-algebra. Let A be an element of A and let v = (vq,Vi, . . .) be a 
vector in W(A). The formal power series E p (v, A; X) is defined by 



E P KA;X) = n^ ) A^^X^) = (l + AX)^n( 1 + ^ pft )^ « 



k=0 k=l 

Moreover the formal power series F p (v, A; X, F) is defined as follows: 



r ,„ ^ v v- 1 [ f (l + A pfc X^)(l + A^ fc ^ fc ) \ ^* fe - lW 



fc=i 



As in [9j Lemma 2.16.] or [8j Lemma 4.9.], it has shown that the formal power series 
F p (v, A; X, F) is in A[[X, Y]]. The formal power series F p (F^v, A; X, F) has the following 
equalities: 

A, X, F) — _y ^ i - Apfc - - - - Axy)pft j (3) 
E p (v,X;X)E p (v,X;Y) 



E p (v, A; X + F + AXF) 

T. Sekiguchi and N. Suwa [9] have shown the following isomorphisms with the defined 
above formal power series (1) and (2): 

W{A) fW 4Hom(gW,G miA ); v h+ E p (v, A; X), (4) 
PF(A)/F^ ^> # 2 (£ (A) , G m , A ); u> ^ F p (ti>, A; X, F) (5) 

([9j Theorem 2.19.1.]). Here Hq(G, H) denotes the Hochschild cohomology group consist- 
ing of symmetric 2-cocycles of G with coefficients in H for formal group schemes G and 
H (0 Chap. II.3 and Chap. III.6]). 

Put vectors U := (U , U u . . .) and V := -J-U = & ^, . . .). Set the following: 

A2 A2 A2 

E := E P (U, Ai; X) and E ipr) := E p {V {pr) , Af ; X pr ). 



5 



For a vector W := (Wo, W%, . . .), the following formal power series is defined: 
E p (W, A 2 ; E) := E^ \[{E^y^ 

r=l 

As in [8j Proposition 4.11.], it has shown that the following equality: 

E p (W,A 2 ;E) = E p (T v (W),A l ;X). (6) 

Put the following: 

Then the following equality holds: 

EJW,A 2 ;ir(E -1)) 

GJF^W, A 2 ; E) = pK J ^ -. (8) 

A } E P (W,A 2 ;E) 1 } 

By the equalities (6), (7) and (8) of formal power series, the following equality holds: 

£ P (T V (W), A i; X) = E P (W, A 2 ; j-{E - 1)) • G P (F^W, A 2 ; E). (9) 

4 Proof of Theorem 3 

A technical portion of the proof is prepared in Subsection 4.1. In Subsection 4.2 we 
complete our proof of Theorem 3. 

4.1 

In Subsection 4.1, we show that the homomorphism T' a := o T a have the condition 
FW oT a =T' a o F^ P '\ especially. 

Suppose that A is a ring. Let A be an element of A and let / be a positive integer. 
Assume that X pl divide p l ~ k \ p for any integer < k(< I). Put a vector a := \~ pl p l [\] e 
W(A). 

Lemma 1 With the above notations, the following equality holds: 

Ker(fWoT ft ) = Ker(F( A ^). 

Proof First, we calculate the components of b := p l [\] G VK(A) by using the phantom 
map <fr( n \ For b = (b , 6 1; . . . , ), we have b = p l X by $o(&) — ®o(p l [M)- Similarly, we 
have b\ = p i_1 A p (l — p( p-1 ) z ). Put a x := (1 — p^" 1 ^ 1 ). For > 2, we can find the following: 



b k =p l - k \i> k (l-p(r k - 1 » -p^-'-W-Dof- 1 _ p (P k - 2 -W-V a P k - 2 pP~± a P 
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inductively, where 

k— 1 

ajfc^l-p^-^-^p^-^'-V"' (*>2). (10) 
i=i 

Remark that 

6 fc = A p ' (mod p) if k = I and b k = (mod p) if k ^ I. (11) 

Therefore the vector b is stated the following explicitly: 

b =p l [\] = (p l X,p l ~ 1 X p a 1 ,p l ~ 2 X p2 a 2 , . . . , \ pl a h p~ l \ pl+1 ai +1 , . . .). (12) 

Moreover we also obtain the components of a = \~ pl b e 

Next, we show the equality of Lemma 1. For x E Ker F( AP \ we have <&k + i(x) = 
\ pl+k<yP ~ l ^ k {x) by the phantom map since F^ xv \x) = F(x) — [A p ^ p_1 ^] • x — o. In 
particularly, we have $i(sc) = A pi(p - 1} $o(a0- Then we claim o T a (aj) = o. Put 
y := FW oT„(4 For i/ = (y ,y 1 ,y 2 ,...), we have 

l/o = *o(y) = MFoT a (x)) - \P-^ (T a (x)) = (a p \ pl ^+p ai - X^a^x). 

By using the relation (10) of the components of a, we have X p ^"^Oq +pai — A p_1 ao = 0. 
Hence we have yo = 0. The claim is shown by the induction. By using the phantom map, 
the following equalities are hold: 

S fc (FW o T a {x)) = <S> k+1 (T a (x)) - xKp-W- 1 ^) . . . \^ (T a (x)) 
= A P^M P -D ApP+fc -i( P -D . . . X P l ( P -i) a P k+1 %{x) + ... 

+ ApP+fc - 1(P - 1 ) ApP+fc - 2(P - 1 ) y ( P-i) pa f cj> o(a .) + . . . + /+i afe+1$o(a .) _ A pfc+1 - 1 a $ (^) 
= (A p;+fc+1 - p; a pfc+1 + p\ pl+k ~ pl af + ■■■+ p k+1 a k+1 - \ pk+ ' ^ a )%(x) 
= { p ^a k+1 - P^(l-p(r k+1 -^-p(r k -W-k) a P k p k ■ \ pk+1 a p k )}%(x) 

= ^K+i - (1 -P ipk+1 ~ 1)l ~ Ep^-^ar 1 "')}^*) = 0. 

i=i 

Hence we have ^(as) = for any integer k. Therefore F^ o T a (x) = o holds for any x 
in Ker(F( A )). In order to show the claim Ker(F^ AP )) D Ker(F^ o T a ), we consider the 
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following diagram: 



W(A) 

A 

W{A) x W{A) 
W{A) x W{A) 



W{A) 



W(A) x W(A) 



W{A) 



W(A), 



where 



m :W(A) x W{A) W(A); (x 1} x 2 ) H> x 1 + x 2 
and 

A :W(A) -> W(A) x a: ^ (a;, aj). 



Put c := A pl+1 p l [X\. We define the homomorphism 

t' a : x ->■ x 

(xi, a: 2 ) ^ (T a(p) (xx), T c(p) o F(sj 2 ) - F o T c {x 2 ) + [A^ 1 ] o T c (x 2 )). 

The homomorphism t' a is well-defined over (Im(F)) x (Im(— [X p (j> ~ 1 ^]))- Therefore we 
obtain the following equalities: 

FW oT„ = mo(o (F, -[A pi(p - 1} ]) o A and F^) —mo(F, -[A p!(p_1) ]) o A. 

Hence we obtain the result by m~ 1 (o) D t a 1 o m _1 (o). □ 
By Lemma 1, we have the isomorphisms 

lm(F {Xpl) ) ^ VV(A)/Ker(F (Api) ) = W(A)/Ker(F w T a ) ^ Im(F (A) T a ). 

Therefore, by putting T' a : = o T a , the equality o T a = T' a o F^^ holds by the 
identification of Im(F( AP )) ~ W(A)/Ker(F^ XP )), i.e., we identify the following way: 

a : Im(F (Api) ) U W/(A)\Im(F (Api) ) ^> W(A)/Ker(F (Xpl) ) U W/(A)\Im(F (Api) ); 

a(j/) := x if y = F^a) G Im(F( A ^) and a(sc) := x if a; e W^Xlm^"')). 



The group structure is also induced to W^(A)/Ker(F (AP )) U W(A)\Im(F (AP )) by a. 



4.2 



In this Subsection, we complete our proof of Theorem 3. 

In addition to the assumption of Subsection 4.1, we assume that A is a Z( p )/(p 1 )- 
algebra of locally noetherian of dimension at most 1 for the representability. Then we can 
take an element A G A as A = or invertible element, obviously. At least, in addition to 

2-rri 

this, we can take A as nilpotent element as follows. Put ( := e ? l . Set A := Z^[(]/(p l ). 
Take as A = 1 — ( E A. Then, by the following equality: 

X p 1 -i + X p 1 -2 + ... + x + i = (x -()(x -( 2 )---(x - ( pl - 1 ), 

we have (p) = (A^ 1 ) C A as X — 1. Therefore A p! divide p l \. Moreover, \ pl can also 
divides p l ~ k \ pk since ( pk divides ( pl for any integer < k(< I). Then A is a nilpotent 
element. 

Let be the deformation group scheme defined in Subsection 3.1 and be the 
formal completion of along the zero section. We consider the following homomor- 
phism: 

^,(0 • gW ^a*'). x ^ X - pl {(l + Xxf - 1}. 
Here the following equalities hold: 

p 1 - 1 / i\ 

^ l \X) = \- pl {{l + \X) pl - 1} = A~ pi J2[ k ) A * X * + XPI - 

k=l ^ ' 

Hence we can write X P = pR. By the our assumption which p is a nilpotent, we have 
the kernel of the homomorphism ip® has the following equalities: 

:= Ker = Spf A[[X]]/(^ l \X)) = Spec A[X]/(^ l \X)). 

Remark that the formal scheme Ni is nothing but the finite group scheme of order p l , 
since the class X is nilpotent and the degree of ip^(X) is p l . The homomorphism ip® 
induce the following short exact sequence (13): 

o y Nl — ^ gw J^U g^ > o, 

where i is a canonical inclusion. This exact sequence deduces the following long exact 
sequence: 

> Hom(^ Api ),G miA ) ^% Kom(^,G m , A ) Hom(A^,G m , A ) 

Since the images of the boundary map d and the map (ip®)* are given by direct products 
of schemes we can replace Ext 1 (^ AP \ G m ,A) and Ext 1 ^), G myA ) with H$(& xpl \ G mjA ) 



9 



and Hq (G^ x \ & m ,A), respectively ([TJ Lemma 3 and Lemma 4]). Therefore we have the 
following exact sequence (14): 



Hom(g( AP '),G m , A ) 



(»/>«)• 



> Hom(^ A ),G m , A ) Hom(iV / ,G m , A 



> tf 2 (£( A ),G m , A ). 



We consider the following diagram (15): 

W(A) W{A) W{A)/T a > 



F( A ) 



-> w(A)/t; ► 0. 



W(A) — =-> W(A) - 

The exactness of the horizontal sequences are obvious. The commutativity of the 
squares already have checked in Introduction and Subsection 4.1. To apply the snake 
lemma, we define the boundary map d as follows. Put Mi := Ker[F( A ) : W(A)/T a — > 
W(A)/T' a ]. The boundary map d becomes the canonial map by the definition of T' a . 
The map d is well-defined and a group homomorphism. Moreover the exactness is also 
obviously. Therefore we put d(vJ) := ~w for each ~w e M\. Thus we can apply the snake 
lemma for the diagram (15). Therefore we have the following exact sequence (16): 



W{A) 



) Tg 



> W{A) F(X) — =-»• Mi 



-> W(A)/F^ P ^ W(A)/F^\ 



Now, by combining the exact sequences (14), (16) and the isomorphisms (4), (5), we have 
the following diagram (17) consisting of exact horizontal lines and vertical isomorphisms 
except 0: 



Hom(^ AP ),G m , A ) 



> Hom(^ A ),G m , A ) 



(0* 



+ Hom(iV z , G m>A ) 



4>2 



W{A) 



W{A) 



M t 



-> iJ 2 (^ AP ),G m , A ) 

03 



->• W(A)/F ( - XP 



> # 2 (£( A \G m , A ) 

</>4 

^ W^(A)/F( A ), 



where is the following homomorphism induced from the exact sequence (13) and the 
isomorphism (4): 



: Mi -> Hom(iV/, G m , A ); aj ^ E p {x, A; ar). 
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We must check the well-definedness of the homomorphism 0. Take an element x oi M[. 
Then, by x + T a (x ) e W(A) F(X> , the following congruences are hold: 

E p (x, A; x) = E p (x, A; x) ■ E p (T a (x ), A; x) = E p (x, A; x) ■ E p (x , A; ip {l) (x)) (mod p l ) 

= E p (x, A; x) (mod ip^ (x)) . 

Here we need the following lemma: 

Lemma 2 Under the above notations, the following congruence holds: 

E p (x,\P l ;^ l \x)) = E p (T a (x),X;x) (modp 1 ). 
Proof Take x e By the equality (9), we have the following equalities: 

E p (x, y'; ^ l \x)) = E p (x, A pi ; ^{E p (p l [\}, \; x f - 1}) 

= E p (x, A pi ; E p (p l [\],\; x)) ■ G p (F^\x), \ pl ; E p (p l [X], A; x)) 
= E p (T a {x), A; x) if G p = 1 (mod p l ). 

Therefore we must show the following congruence: 

G p (F^ pl \x),y l ;E p (p l [\],\;x)) = 1 (modp')- 

Here, by the equality (7), we have the following: 

1 + (E p (p l [X},X;x) - l) p \ p kAP 



Since _E p (p z [A], A; x) = (1 + Ax) p ' we obtain the following congruence: 

1 + (E p (p'[A], A; x) - l) pk = 1 + y' +k x pl+k (mod p fe+1 ) 
On the other hand, we must show the following congruence: 

Ef\p l [\], A; x) = 1 + A p ' + V +fc (mod p fe+1 ). 
By expanding on b = p l [\], we have the following congruence: 

E p (b, X;x) = l + J2 ^ mod ( Apl ^- 

r>0 

Therefore, by congruence (11), we obtain the following result 

E p (b^ k \ A^V*) = 1 + Y, hP r xpk+r mod ^ pk+% ^\bfbf). 

r>0 



Remark that &k-i(F^ o T a (x)) is divided by p l , at least. Hence the result. □ 
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If the commutativity of the diagram (17) is checked, the five lemma shows that 
is isomorphism, i.e., Mi ~ Hom(iV/, G m ,A)- To check of the diagram (17), we show the 
following congruences under modulo p l : 

(1) : o 0! = 2 o T a , (2) : (l)* o 2 ee o tt, 

(3) :9o0ee0 3 o9, (4) : (-0^)* o 3 ee 4 o T' a . 

For the congruences (1) and (2), we must show the following: 

E p (x,X pl ;^ l \x)) = E p (T a (x),X;x) (mod?/). 

But we already have proved the above congruence. For the congruences (3) and (4), we 
must show the following: 

F p (x, \W>(x),if>®(y)) = F p (T' a (x), A; x, y) (mod p l ). 

Remark that the calculations of the boundary d and (?/>^)* are completely same to pre- 
vious paper [TJ Lemma 3 and Lemma 4]. But, by the equality (3), we must show the 
following congruence: 

F p (T' a (x), A; x, y) = F P (F^ o T a (x), A; ) 

_ E p {T a {x),X;x)E p {T a {x),X;y) 
E p {T a (x),X;x + y + Xxy) 

By Lemma 2, this congruence already have proved. 

Here we must check the representability of the functor Wa/T . We remark that 
H / J 4/Ker(T a ) is representable ([21 Theorem 4.C]). Therefore, by Im(T a ) ~ W / A/Ker(T a ), 
Im(T a ) is also representable. On the Affiness, the nilpotency of p is an obstruction. By 
using the base change to the reduced ring A', we can use the Chevalley's theorem [H III, 
Ex 4.2]. Therefore Theorem 3 was obtained. 
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